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We consider the forced detachment of a thin-walled vesicle bonded to a substrate for two particular cases. In both cases,
the conﬁguration is three-dimensional and the bonding is assumed to occur under conditions of axial symmetry for which
the adhered area is always circular. Detachment is driven by a force applied to the top of the vesicle in a direction normal
to the substrate surface. The ﬁrst case is the static or time-independent situation of a vesicle for which bonding is the result
of nonspeciﬁc interactions between the vesicle and substrate surfaces. For this case, it is shown that the radius of the adhe-
sion patch is determined implicitly by the pulling force F. The maximum pulling force Fcr, beyond which the adhered con-
ﬁguration is unstable and the detachment proceeds spontaneously, can also be calculated implicitly. For the particular case
of weak adhesion, all signiﬁcant parameters of the detachment process can be determined explicitly. The second case stud-
ied is the time-dependent debonding of a vesicle for which adhesion with the substrate is the result of speciﬁc interactions
between binders on the two surfaces, typical of biological materials for which the binders are ligand–receptor protein pairs.
By treating the detachment process as a result of the debonding of the protein pairs at the edge of the circular adhesion
patch, the governing equation for the radius of the adhesion patch is obtained. If a constant force is suddenly applied, it is
found that the elapsed time to full detachment is proportional to the magnitude of this force to the power 1.1; alterna-
tively, if the force applied to the vesicle increases linearly in time, it is found that the value of the force at complete detach-
ment is proportional to the applied loading rate _F to the power 0.39, in agreement with recent experimental observations.
 2007 Elsevier Ltd. All rights reserved.
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The adhesive contact between two surfaces is the result of attractive interactions that come into play when
the surfaces are in close proximity. These interactions can be nonspeciﬁc to the materials involved, as is the
case for van der Waals attraction or electrostatic attraction, as explained by Israelachvili (1991) for example.
The origin of the attraction can also be highly speciﬁc to the interacting materials, as is the case for biological0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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the other surface. Both types of attraction are considered here within the same general framework, which high-
lights the fundamental diﬀerence between the two cases.
The essential features of nonspeciﬁc adhesive contact have been captured in a relatively simple way by the
JKR model (Johnson et al., 1971; Johnson, 1985). According to this model, as an elastic sphere is brought into
contact with a rigid, ﬂat substrate (or with an identical elastic sphere), the system free energy decreases by an
amount proportional to the area of the circular contact region as a consequence of a nonspeciﬁc adhesive
potential. Relationships among the detachment force, the radius of the circular contact area, and the displace-
ment of the point of action of the detachment force can be extracted by considering the work done by a
detachment force and the change in the energy stored in the system, either in the form of elastic strain energy
or energy of adhesion in the contact zone. The same energy approach is adopted here to study the nonspeciﬁc
adhesive contact of vesicles.
One major diﬀerence between vesicles and elastic spheres is that the energy variations during deformation
of a vesicle are primarily due to the work done by the internal pressure, rather than changes in stored elastic
energy as for elastic solids. To illustrate this comparison, consider a spherical vesicle of radius R with internal
pressure p. Denote the elastic bending modulus of the vesicle membrane by Kb and suppose that the initial
bending energy of the spherical vesicle is zero. Imagine that a portion of the spherical vesicle membrane within
a spherical cap of altitude h is ﬂattened. The resulting change in principal curvatures within this region is 1/R
so the elastic energy change per unit area is 2KbR
2. The surface area of this cap is 2pRh so the net change in
elastic energy due to bending is 4pKbh/R. The volume of this spherical cap is 13 ph
2ð3R hÞ. Consequently, the
work of the constant pressure p as the cap is ﬂattened is the pressure times this volume. Forming the ratio of
the work done against elastic resistance of the membrane to the work done against the internal pressure yields3Kb
pR3 hR 3 hR
  : ð1ÞFor representative parameter values Kb = 20kBT  1019 J, p = 10 N/m2, R = 105 m and h/R = 0.1, the va-
lue of this ratio is approximately 104. For this reason, elastic bending energy is ignored throughout the anal-
ysis described here. It would have to be taken into account to understand the details of the transition between
the adhered portion of the membrane and the free portion, but this issue is addressed only brieﬂy in the pres-
ent study.
For adhesive contact meditated by speciﬁc interface interactions, the chemical kinetics of association and
dissociation of ligand–receptor pairs takes on central importance in the detachment process. For a single
ligand–receptor pair, the strength of a bond subjected to time-dependent loading has been studied experimen-
tally by many authors, for example Evans and Ritchie (1999) and Merkel et al. (1999). It has been convinc-
ingly demonstrated that the bond strength depends strongly on the rate at which loading is applied to the
bond. Results of an experiment designed to study detachment of an entire vesicle from a substrate under cir-
cumstances for which adhesion is mediated by ligand–receptor interactions have been reported recently by
Prechtel et al. (2002). For the case of a detachment force F increasing linearly in time, they found that the
magnitude of the detachment force reaches a maximum value that is proportional to the rate of loading _F
raised to a power of 0.4 over a signiﬁcant range of loading rates. To a large extent, it is this observation that
has motivated the present study which is aimed at determining if this observed global behavior is consistent
with molecular models of membrane adhesion.
Theoretically, the mechanics of adhesion and separation of a membrane in contact with a substrate was
studied by Evans (1985a,b) where the interactions between two surfaces are treated as either uniformly distrib-
uted along the interface or localized at discrete points. Based on a similar approach Dembo and coworkers
(1988) studied the detachment problem of a membrane from a substrate in the framework of the thin ﬁlm peel
test conﬁguration. The cooperative rupture of parallel ligand–receptor bonds under dynamic loading has been
considered by Seifert (2000), and the scaling behavior of the rupture time was obtained for extreme loading
rates. Recently, Boulbitch (2003) presented a model for the detachment of a vesicle from a substrate by means
of a time-dependent detachment force, which led to a prediction of power law dependence of the critical value
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plete detachment.
In the next section, the detachment of a vesicle in nonspeciﬁc adhesive contact with a substrate is pursued
via energy considerations, based on the assumption of an adhesive contact energy proportional to the contact
area as in the JKR model. The equilibrium conﬁguration at a given level of applied force is found by requiring
the free energy to be stationary under variations in the radius of the contact zone. The value of the detachment
force at complete separation is determined from the fact that the free energy must be not only stationary under
variations in contact radius but minimum for any stable contact conﬁguration; the conditions for detachment
coincide with conditions under which a stable energy minimum conﬁguration is no longer accessible under
increasing force. In Section 3, the time-dependent detachment of a vesicle in adhesive contact with a substrate
due to speciﬁc ligand–receptor interactions is studied. A new model is presented to describe the detachment
process and the results for two loading conditions, namely, applied load increasing linearly in time and a sud-
denly applied constant magnitude load, are discussed.2. Forced detachment for nonspeciﬁc adhesion
A particular experimental conﬁguration that has been described by Brochard-Wyart and de Gennes (2003)
and that has been used for measuring the strength of adhesive contact between a vesicle or cell and a substrate
is illustrated schematically in Fig. 1. The ‘‘top’’ of the vesicle is held ﬁrmly by a micropipette tip by imposing a
negative diﬀerential pressure within the pipette compared to the ambient pressure. The ‘‘bottom’’ of the vesicle
is brought into adhesive contact with the substrate by means of a position controller at the remote end of the
micropipette. Thereafter, the vesicle is pulled away from the substrate and the net force transmitted across the
vesicle-substrate interface is measured continuously in the course of the detachment process.
It seems unlikely that the particular way in which the top of the vesicle is held in the experiment signiﬁcantly
inﬂuences the detachment process, at least under conditions for which the radius of the aﬀected region is small
compared to the radius of the vesicle. Therefore, in order to avoid some unnecessary complexity in the anal-
ysis, we assume that the force is applied to the top of the vesicle through a rigid disk that is ﬁrmly attached to
the vesicle wall over a region of ﬁxed radius r1, as illustrated in Fig. 2. It is well-known that a lipid bilayer
membrane is relatively stiﬀ under equal in-plane biaxial tension (Boal, 2002) so, for the present development,
it is assumed that the area of the membrane remains constant throughout the detachment process. This cannot
be strictly true, of course. However, the deformations resulting from in-plane extension of the membrane, par-
ticularly those contributing to volume change of the vesicle, are expected to be small compared to out-of-plane
deformations. Furthermore, as will be noted explicitly in the next paragraph, the tension in the membrane is
statically determinate in terms of the force applied on the vesicle and the current shape. Consequently, neglectFig. 1. Typical setup for conducting the detachment experiment.
Fig. 2. Schematic diagram of the vesicle showing the pipette grip replaced by a rigid platten ﬁrmly attached to the top of the vesicle. A
force F is applied to the platten and a pressure p acts on the wall of the vesicle. The ﬁxed radius of the circular contact area with the platten
is r1 and the varying radius of the circular contact area with the substrate is r0. The distance between the substrate surface and the platten
surface is Z.
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micrographs of vesicles in both undeformed and deformed conﬁgurations presented by Prechtel et al.
(2002) show no contrast variations that would suggest excessive ﬂaccidness of the membrane. For these rea-
sons, the possibility of apparent area changes as a result of smoothing out of membrane corrugations by
increasing membrane tension is not considered here.
The bilayer membrane can ﬂow freely under shear while adhering to the constraint of constant area, so in-
plane shear stress in the membrane wall is assumed to be zero. The local in-plane membrane tension is denoted
by n and the detachment force applied to the top of the vesicle is denoted by F. The internal pressure of the
membrane, relative to the ambient pressure, is p. It follows immediately from equilibrium considerations that,
locally,p=n ¼ j1 þ j2 ð2Þ
throughout the unconstrained portion of the vesicle wall, where j1 and j2 are the principal curvatures of the
vesicle wall.
Consider a vesicle that is spherical with radius R when the vesicle membrane has no externally applied con-
straints. A disk is ﬁrmly attached to the top of the vesicle over a circular region of radius r1, and the bottom of
the vesicle is then brought into contact with a ﬂat rigid substrate to which it adheres. The parameters used to
describe the axially symmetric deformation of the vesicle wall during detachment are deﬁned in Fig. 2. The
contact area is circular and the edge of this area is the circle of radius r0. Arc length along a meridian of
the membrane is denoted by s, with s = 0 coinciding with the edge of the contact area and s = s1 coinciding
with the edge of the loading region of radius r1 at the top of the vesicle. The radial distance of any point on the
unconstrained part of the vesicle wall located by the coordinate s from the axis of symmetry is r(s). The local
slope of the vesicle wall at the same point is deﬁned by the angle /(s) between the tangent line to the meridian
in the axial plane and the radial line. The two kinematic variables r(s) and /(s) are related throughr0ðsÞ ¼ cos/ðsÞ: ð3Þ
The global equilibrium condition for the portion of the vesicle above the axial section deﬁned by the coor-
dinate s requires that2pnrðsÞ sin/ðsÞ ¼ prðsÞ2p þ F : ð4Þ
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where r0 = r(0) and /0 = /(0). Substitution of (4) into (3), followed by integration, then yieldsrðsÞ ¼
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dh: ð12ÞThe condition (11) implicitly speciﬁes the membrane tension n in terms of r0 for a given pulling force F.
To proceed further, it is necessary to say something about the nature of adhesion. Following the basic
assumption in the JKR model, suppose that adhesion can be described in terms of a reduction in free energy
of amount C per unit contact area. For the time being, C is assumed to be spatially uniform. Then the free
energy change from the particular conﬁguration with the loading disk attached to the top of the vesicle,
the bottom of the vesicle just contacting the substrate at a single point, and zero detachment force to the
adhered conﬁguration with F > 0 isUðr0Þ ¼ pr20C p½V ðr0Þ  V ð0Þ  F ½Zðr0Þ  Zð0Þ; ð13Þ
where V(r0) and Z(r0) are the volume and axial height of the of the vesicle, both depending on the contact
radius r0. Note that no dependence of pressure p on the vesicle volume has been assumed in writing (13),
although any particular dependence of pressure on volume could be incorporated. For example, the origin
of the diﬀerential pressure might be an osmotic pressure due to some material in solution that is conﬁned
to the interior of the vesicle. The assumption of constant pressure would not be valid in situations where
the osmotic eﬀect becomes signiﬁcant, for example. The volume V(r0) and height Z(r0) can be evaluated in
a similar way according toV ðr0Þ ¼ p
Z s1
0
rðsÞ2 sin/ðsÞds; Zðr0Þ ¼
Z s1
0
sin/ðsÞds: ð14Þ
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variations in r0, that is,U0ðr0ÞjArea ¼ 0; ð15Þ
where the notation makes clear that variations in U necessary to calculate the derivative must be consistent
with the constraint of constant area. By means of a rather intricate calculation, it can be shown that (15) re-
duces toC ¼ nð1 cos/0Þ; ð16Þ
which is the classic wetting formula of Young. The quantity C is interpreted as the amount by which the sum
of the surface energy densities of the membrane and the substrate exceeds the energy density of the bonded
interface. Although no explicit expressions for the adhesion radius r0 and the membrane tension n are avail-
able, they can be determined numerically from (5), (7), (9), (11) and (16). Choosing C/pR = 0.1 and r1/R = 0.1,
the shapes of the vesicle, subjected to several diﬀerent values of pulling force, are shown in Fig. 3.
The maximum achievable value of the detachment force can be determined in the following way. Starting
from the situation with the vesicle in equilibrium, adhered to the substrate but with no external force acting on
it, suppose that the force F begins to increase. With each incremental increase in displacement Z, the force
does work on the system. The interfacial energy decreases incrementally as r0 decreases. However, that
decrease is more than oﬀset by an incremental increase in the energy of deformation of the vesicle itself.
The system can evolve in this way under increasing Z until the point is reached at which the incremental
decrease in energy of adhesion for a change in Z is just balanced by a corresponding increase in stored energy
in the vesicle with no change in force. Larger values of applied force are inaccessible because the system is
incapable of resisting them, and the system becomes unstable. Mathematically, the maximum accessible force
Fcr is the value of F at whichU00ðr0Þ ¼ 0: ð17Þ
Detachment evolves stably as F increases to Fcr, but it proceeds spontaneously and abruptly upon reaching
F = Fcr. As an illustration, the relationship between contact area radius r0 and the detachment force F is
shown in Fig. 4 for the same choice of parameters as implemented used in Fig. 3. Initially, when the pulling
force is zero, the radius of the contact area is about 0.6R and the system is at the state identiﬁed as point A in
the ﬁgure. As the detachment force increases, the contact radius decreases continuously until it reaches the
state identiﬁed as point B in the ﬁgure. The value of the detachment force at point B, which is Fcr  0.3pR2
in this illustration, deﬁnes the maximum achievable detachment force.
In the particular case when the adhesion is very weak, say C Rp, further simpliﬁcation is possible. For
weak adhesion, the size of the contact area is always small compared to the size of the vesicle, that is, r0 R.
Under these conditions, it can be assumed that the vesicle shape remains virtually unchanged during adhesion–1.5 –1 –0.5 0 0.5 1 1.5
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Fig. 3. Vesicle shapes for diﬀerent values of the pulling force. The parameters are chosen as C/pR = 0.1 and r1/R = 0.1.
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librium condition at the ‘‘equator’’ of the vesicle asn ¼ F
2pR
þ Rp
2
: ð18ÞNote that n is independent of r0 here. The maximum pulling force can be found from (17) asF cr ¼ pRC ð19Þ
and the contact radius r0 takes the simple formr0 ¼ Cp
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ð20ÞEqs. (19) and (20) are the explicit solution for the detachment of a vesicle in weak adhesive contact with a
substrate, and (19) agrees with the result obtained by Brochard-Wyart and de Gennes (2003). It also has
the same form as the prediction of the JKR theory, but the numerical coeﬃcient is diﬀerent in this case.
Up to this point in the discussion, no mention has been made of the physical nature of the interaction
between the vesicle surface and the substrate surface. For the idealization of the vesicle membrane on which
the foregoing analysis is based, the traction distribution acting on the vesicle-substrate interface can be dis-
cerned. At any stage of forced detachment, that is, for any value of contact area radius r0, a pressure p is
exerted by the substrate on the membrane over the circular region r < r0. The reason is that the membrane
is ﬂat over this entire region so that there can be no pressure diﬀerence on opposite sides. At the edge of
the contact area, the membrane slope changes abruptly from zero for r < r0 to the value /0 for r ¼ rþ0 . Such
a discontinuity is admissible because vesicle bending resistance has been neglected. From local equilibrium
considerations, it follows that a line load must act along the circular periphery of the contact zone, tending
to enforce contact between the two surfaces; see Fig. 5. For the case when the tension n is continuous across
the kink, the magnitude of this line load per unit length must be 2n sin 1
2
/0, an observation that follows directly
from (5). The line load works through the discontinuity in particle velocity across the moving circle r = r0 as it
advances or contracts. This rate of work must exactly balance the rate of change of stored energy Cpr20 within
r < r0, and enforcement of this balance leads directly to (16).
As was noted above, the feature that the transition experienced by a material point on the vesicle surface,
from a state of being fully bonded to the substrate to a state of being completely free of interactions with the
substrate, occurs abruptly is a consequence of the neglect of bending resistance in the vesicle membrane. If
bending resistance would be taken into account, then the transition would not occur abruptly because the pos-
sibility of a discontinuity in slope in the vesicle wall is precluded. At a point on the vesicle wall, the transition
from full attachment to full detachment must take place gradually within a band of ﬁnite width at the edge of
Fig. 5. The diagram on the left shows the edge of the contact zone on the scale of the entire vesicle. For the case of small bending
resistance of the vesicle wall, the transition from full adhesion to complete detachment is abrupt on this scale, as indicated by the
discontinuity in the slope at the edge of the contact zone and the associated resisting line force 2n sin 1
2
/0
 
acting there. The diagram on
the right shows the region of transition from full adhesion to complete detachment on a much ﬁner scale where the small but nonzero
bending resistance of the vesicle wall requires that the transition occurs over a ﬁnite width D. Throughout the transition band, separation
of the surfaces is resisted by attraction distribution with the local traction magnitude depending on the local separation. The resultant
force of this local traction distribution q is again 2n sin 1
2
/0
 
.
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description of the energy of interaction between the two surfaces as a function of the local separation distance
between the surfaces. This point of view underlies the study of adhesive contact of elastic spheres reported by
Maugis (1992) and Kim et al. (1998).
For purposes of discussion of detachment for the case of speciﬁc adhesion in the next section, we make
some general observations on the width of the transition band (labeled D in Fig. 5). Suppose that the elastic
bending stiﬀness of the vesicle wall is denoted by BkBT where kB is the Boltzmann constant, T is the absolute
temperature and B is a dimensionless number. According to Boal (2002), the value of B for a lipid bilayer
membrane is usually in the range from 10 to 30. The interaction energy between the vesicle surface and the
substrate surface under conditions of complete bonding is C, as above, and for convenience C is written as
ckBT. If C decreases linearly with increasing separation distance, becoming essentially zero when the separa-
tion distance has increased to d, then the width of the transition band can be estimated to beD  8Bd
2
c

 1=4
: ð21ÞThis estimate depends mainly on the area under the curve representing dependence of C on separation dis-
tance, rather than on the detailed shape of the curve. By choosing a variation that is either concave or convex
to the axes of the graph of C versus separation distance, the estimate of d could conceivably be decreased or
increased by a factor of 2, but the quality of the estimate would not be diminished as a result.
In the case of speciﬁc adhesion, the ligand–receptor bond density within the focal adhesion region is usually
in the order of 100 lm2 (Prechtel et al., 2002) and the energy reduction of forming a single bond is about 20
kBT (Boal, 2002). Hence, c is estimated to be around 0.002 nm
2. The spacing between the membrane and the
substrate in the focal adhesion area is about 1 nm (Bruinsma et al., 2000). Assume the ligand–receptor bond
breaks when the spacing increases to 1.5 nm, that is, d = 0.5 nm. Using B = 10, we ﬁnd that D  10 nm which
is approximately the diameter of a single receptor molecule (Hynes, 1992).3. Time dependent detachment of vesicles with speciﬁc adhesion
In this section, the vesicle detachment process is considered to occur under diﬀerent circumstances. In the
preceding section, adhesion was the result of nonspeciﬁc binding between the contacting surfaces as repre-
sented by a free energy reduction per unit area of interface upon contact. In this case, the detachment process
driven by an applied force is time-independent. In this section, on the other hand, the strength of adhesion is
determined by the densities of compatible binders—ligands and receptors—distributed in the contacting sur-
faces. Furthermore, the bonds between pairs of compatible binders are assumed to be relatively weak molec-
ular bonds with bonding strengths as low as several times kBT. Under such circumstances, bonding must be
considered from the perspective of chemical kinetics according to which bond strength depends on the rate at
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time-dependent process.
The local concentration of free or unbound ligands in the substrate, understood to be the number per unit
area, is denoted by ql. Likewise, the concentration of free receptors in the vesicle wall is denoted by qr and the
concentration of bonded ligand–receptor pairs in the interface is denoted by qlr. These densities are related by
the rate equationdqlr
dt
¼ kþqlqr  kqlr; ð22Þwhere k+ is the association rate constant and k is the dissociation rate constant. For the time being, the total
concentration of binders within each of the contacting surfaces including both bound and unbound are as-
sumed to remain ﬁxed throughout the adhesion patch. Following Bell (1978), the dissociation rate k of a sin-
gle ligand–receptor bond is assumed to be dependent on the force f acting on the bond according tokðf Þ ¼ kð0Þ exp
af
kBT
 
; ð23Þwhere a is a length on the order of 0.1 nm. Before any detachment force is applied to the vesicle, it is assumed
to be in a condition of equilibrium adhesive contact with the substrate. Again denote the radius of the contact
area under these conditions by r0. Assume the internal pressure eﬀect is small enough so that the initial force
on the bonds can be neglected. For such a steady situation, (22) reduces tokð0Þ
kþ
¼ qlqr
qlr
: ð24ÞThe assumption that the pressure eﬀect is negligible is consistent with the assumption made previously that the
concentrations of diﬀerent agents (ql, qr and qlr) are each constant within the adhesion area.
As has been observed in the previous section (cf. Boulbitch, 2003), the width of the region around the edge
of the adhesion zone in which the stretching of ligand–receptor bonds takes place is usually smaller than the
distance between receptor molecules in the vesicle wall during the process of applying the detachment force.
Hence, given the size of the transition zone, only a single row of bonds (with width b  10 nm) immediately
adjacent to the edge of the adhesion zone is being stretched. The force acting on each stretched bond is esti-
mated to be f = F(t)/2pr0(t)bqlr, with r0(t) being the current radius of the adhesion zone. Making use of (24)
and (23), the rate Eq. (22) for bond detachment becomesdqlr
dt
¼ kþqlqr 1 exp
F ðtÞa
2pbr0ðtÞqlrkBT
 
 
: ð25ÞThe relationship between the motion of the edge of the adhesive zone and the dissociation of bonds can ob-
tained via the following argument (Boulbitch, 2003). From the association–dissociation reaction point of view,
the number of bonds being broken at the edge during a small time interval Dt is 2pr0(t)bDt(dqlr/dt). On the
other hand, if we consider the movement of the edge at the rate _r0ðtÞ then the number of broken bonds should
be 2pr0ðtÞDt _r0ðtÞqlr. These two expressions provide diﬀerent representations of the same quantity; equating
these two representations yields_r0ðtÞ ¼ bkþqlqrqlr
1 exp F ðtÞa
2pbr0ðtÞqlrkBT
 
 
: ð26ÞThis relationship is the equation governing the motion of the edge of the adhesion zone. Consider the case in
which the pulling force is applied to the vesicle with its amplitude increasing linearly in time at constant rate _F ,
that is, F ðtÞ ¼ _F t. Following normalization of (26), it is found thatdn
ds
¼ 1 exp a s
n
 
; ð27Þ
1936 Y. Lin, L.B. Freund / International Journal of Solids and Structures 44 (2007) 1927–1938where n = r0/R0, s = (bk+qlqr)t/(qlrR0), a ¼ _F a=ð2pb2kþqlqrkBT Þ and R0 is the initial radius. Obviously, the
initial condition to be satisﬁed by n is n(0) = 1. It seems that no exact solution is available for (27) but, at
the initial unbinding stage (s/n 1), the asymptotic solution has the formFig. 6.
time.
Fig. 7.
(30).nðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 as2
p
: ð28ÞA typical result for normalized adhesion area radius n as a function of normalized time s is shown in Fig. 6.
Initially n decreases relatively slowly, as seen from Fig. 6 or as suggested by (28). As time goes on, however, it
undergoes a precipitous drop to complete the detachment process. We note that Prechtel et al. (2002) reported
that, in the experiments, separation ‘‘occurred suddenly’’.
The numerical result in Fig. 6 was obtained by solving (27) with a fourth order Runge–Kutta method. The
dependence of the detachment time s* on the loading rate parameter a is shown in Fig. 7. Recall that a is pro-
portional to the rate of the external loading _F , so this is a parameter of fundamental signiﬁcance.
It is clear that, within the range 0.01 < a < 100, the dependence of the detachment time t* on the rate of
loading _F can be approximated very well by a power law ast  ð _F Þ0:61: ð29Þ
Alternatively, the detachment force F* scales with the loading rate _F according to0 0.2 0.4 0.6 0.8
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In the experiment conducted by Prechtel et al. (2002), the dependence of the detachment force on the load-
ing rate was found to be described by a power law with exponent about 0.4, which is in good agreement with
the result predicted by our model. In that experiment, the initial receptor density on the substrate surface was
about 100 molecules per lm2 and the range of loading rate was from 20 pN/s to 4 nN/s. The value of k+ql
implied by these parameters has been estimated to be 0.18 · 105/s (Boulbitch, 2003). Assuming that about
one percent of the receptor molecules remain free within the contact area, that is, qr = 1/lm
2 and that the
ambient temperature is room temperature, so that kBT ’ 4 pN nm, the value of a in the experiment is esti-
mated to be between 0.04 and 10, which is within the range discussed here; see Fig. 7.
Similarly, if the pulling force remains unchanged during the unbinding process, that is, if F(t) = F for t > 0,
then (26) can be written asdn
ds
¼ 1 exp b
n
 
ð31Þwhere b = Fa/(2pbqlrR0kBT) is the loading parameter. The dependence of the characteristic time for detach-
ment on the pulling force implied by this result is shown in Fig. 8.
The loading range considered here is 0.001 < b < 1, which corresponds to 0.5 pN < F < 500 pN if the initial
contact area radius R0 is assumed to be 2 lm. Within this loading range, the detachment time t* scales with the
pulling force F according tot  F 1:1 ð32Þ4. Concluding remarks
In this paper, we study the detachment of a vesicle in adhesive contact with a substrate due to speciﬁc or
nonspeciﬁc surface interactions. For the nonspeciﬁc adhesion case, the features of the solution such as the
radius of the adhesion area and the maximum pulling force, are provided implicitly for the static detachment
problem, from which numerical results can easily be obtained. Explicit solutions are obtained for situations
where the adhesion is very weak. A dynamic detachment model is presented for the case where the adhesion
is due to speciﬁc ligand–receptor interactions. In this case, dependence of the detachment force on the loading
rate is found to be described by a power law with exponent of 0.39 if the applied pulling force increases linearly
with respect to time. This result seems to match well the recent experiment observations by Prechtel et al.
(2002), where the power law exponent was reported to be around 0.4. Whether or not this result is a broader
signiﬁcance will have to await the outcome of additional experiments, as well as more penetrating examina-
tions of the physical separation process.
1938 Y. Lin, L.B. Freund / International Journal of Solids and Structures 44 (2007) 1927–1938There are several aspects of the work presented here that require further study. For one thing, the volume
dependence of pressure has been neglected in the nonspeciﬁc adhesion case, but in real biological systems the
osmotic eﬀect may be signiﬁcant, in which case the dependence of pressure on volume will have to be included
in the model. Secondly, in the model for dynamic unbinding, the concentrations of diﬀerent type of molecules
have been assumed to be constant at each point within the adhesion area and to remain constant during the
unbinding process. Furthermore, the stretching of ligand–receptor bonds due to internal pressure has been
neglected. While these assumptions aid in obtaining simple results, they surely overlook features of the real
system and need to be critically examined to better understand the experimental observations.
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